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Abstract

Orthogonal time frequency space (OTFS) modulation technology is considered a
solution to high-mobility communication scenarios in the 6th generation (6G). The
basic principle of OTFS is to transform the fast time-varying channel response in the
time-frequency (TF) domain into the sparse time-invariant channel response in the
delay-Doppler (DD) domain. Different from the orthogonal frequency division
multiplexing (OFDM) modulation, which is widely used in 4th generation (4G) and Sth
generation (5G), OTFS can resist multipath and Doppler effect efficiently even in a
very high-speed scenario such as 500km/h. And the security of information
transmission also catches much attention in the high-mobility wireless communication
scenario. Thus, physical layer security (PLS) is introduced to exchange confidential
messages over wireless media in the presence of unauthorized eavesdroppers,
independent of higher-level encryption. This thesis focuses on the research of PLS
based on the OTFS modulation technology, to guarantee security in high-mobility
communication scenarios. The overall structure of this thesis can be summarized as
follows:

Firstly, this thesis briefly introduces the transmission characteristics of the wireless
channel. Then, four equivalent different representations of the linear time-varying (LTV)
channel and transformation relations in between are indicated. Moreover, a physical
discrete-path model is introduced to describe the wireless channel more specifically.

Secondly, to solve the communication performance degradation issue of traditional

OFDM in high-mobility scenarios, this thesis indicates the principle and transmission
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scheme of the OTFS system. Then, the reduced Cyclic Prefix (CP) is introduced which
shows a better performance and increases the spectrum efficiency in the OTFS system,
compared with the traditional full CP. The input-output relations under various
conditions in the different domains are derived, as well as the effective matrix for
different pulse-shaping filters. Moreover, the equivalence between time domain zero
forcing (ZF) equalization and the DD domain ZF equalization is proved, as well as the
minimum mean-square error (MMSE) equalization.

Finally, to address the security concerns in high-mobility 6G communication
scenarios, this thesis researches an singular value decomposition (SVD) secure
precoding strategy based on the OTFS system, which rotates the information symbols
and distorts the constellation at the eavesdroppers. Even if the eavesdroppers are
assumed to know everything about the rotate OTFS (R-OTFS) transmission scheme,
still they cannot recover the original information but a degraded version, which realizes
the physical layer security.

Keywords: OTFS, Delay-Doppler, PLS, SVD, Precoding
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Chapter One Introduction
In this chapter, the research background and significance of our research will be
introduced. Then, the current research status at home and abroad are reviewed. The
major work and chapter arrangements of this thesis are shown at the end of this chapter.
1.1 Research Background and Significance
With the rapid development of high-speed traffic, solving the problem of
information transmission in the future high-speed scene has become a main research

(1-6] The main problem in

objective of 6th generation (6G) communication technology
the high-mobility channel is the fast time-varying fading. Because the high speed leads

to high Doppler shift and expansion which seriously affects the performance of
communication systems!’). To solve the problems above, orthogonal time frequency

space (OTFS) modulation technology is becoming a new solution.

Different from the traditional orthogonal frequency division multiplexing (OFDM)
modulation, OTFS modulates information symbols onto a set of two-dimensional
orthogonal basis functions in the Delay-Doppler (DD) domaint?!. Particularly, every
information symbol in the DD domain is transmitted in all subcarriers and all time slots
by inverse symplectic finite Fourier transform (ISFFT) and symplectic finite Fourier
transform (SFFT), which means every symbol will experience almost the same constant
fading!!!"!3]. Therefore, OTFS modulation converts the time-varying channel in the TF
domain into the time-invariant impulse response in the DD domain, and then the system

14-16

obtains a constant channel gain!'*!¢. In addition, the DD domain also simplifies the

required channel estimation and signal detection. OTFS has the potential to achieve full
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channel diversity, and effectively resist the negative impacts of the Doppler effect and
multipath effect, to realize reliable transmission in high-mobility scenarios.

In modern wireless communication scenarios, the wireless channel is vulnerable to
eavesdropping by some unauthorized illegal users due to its open feature, causing the
leakage of private information. The traditional method to achieve communication
security is encryption by using the secret key in the network layer to resist
eavesdropping, that is in the high layer of communication network protocol framework,
the plaintext is converted into ciphertext by secret key for secure transmission. In this
case, it’s hard for eavesdroppers to recover the original plaintext information accurately
in a short time without the secret key. The security level of this cryptography-based
encryption depends on the complexity of key cracking. However, with the continuous
innovation of computer technology, its security has been greatly challenged!”!.

Therefore, physical layer security (PLS) technology is introduced to supplement
the upper layer encryption technology, which utilizes the superiority of channel status
information (CSI) of the legitimate link. Generally, PLS mainly includes two research
directions, which are the PLS transmission technology based on eavesdropping
encoding and physical layer key generation technology based on channel variations. In
reference [18], the position of PLS in the open system interconnection (OSI) reference
model is shown in Figure 1.

To satisfy the high-mobility and security requests of the future communication
scenario in 6@, it’s necessary to research the PLS transmission strategy in the OTFS

system, which is exactly the purpose of this thesis.
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Figure 1 PLS in OSI reference model.

1.2 Current Research Status at Home and Abroad

1.2.1 Orthogonal Time Frequency Space Modulation

The OTFS system was first proposed by Hadani as a scheme to deal with time-
varying channels in reference [19]. The system introduced the delay-Doppler domain,
then modulated and demodulated the signal in this domain to meet the requirement of
high Doppler shift. Simulation results in reference [20] showed that, compared with
OFDM systems, OTFS systems had at least several dB gains more in the same channel
conditions. Raviteja et al. analyzed the linear input and output vector model of the
OTFS system in detail in reference [21], simplified the input-output relationship under
integer Doppler shift, and demonstrated in detail the interference expression when the
rectangular filter was used in reality. At the same time, they also proved that there is
only Doppler interference in the OTFS system under the ideal biorthogonal waveform.
Based on this vector model, a low complexity nonlinear iterative detection algorithm,
namely message passing (MP) algorithm, was designed. Their simulation data showed
that OTFS still has good performance without Cyclic Prefix (CP) overhead. Reference
[22] studied and analyzed the principle and system model of OTFS technology
modulation and demodulation, and then compared and analyzed the message passing

algorithm and the generalized approximate message passing (GAMP) algorithm.
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Reference [23] proposed a block-based OTFS receiver. which used the sparsity of
channel matrix to realize the fast convergence through a channel equalizer based on
least squares minimum residual and an iterative strategy between the symbol detector
and the interference suppressor. Reference [24] proposed a multiplex scheduling
scheme of OTFS and OFDM. Low mobility users used the OFDM system, while high
mobility users used the OTFS system, to improve resource utilization and message
transmission rate. Reference [25] proposed a cross-domain iterative detection algorithm.
The algorithm applied the basic estimation and detection methods to the time domain
and the time delay Doppler domain respectively, and iteratively updated the external
information of the two domains through unitary transformation, thus making full use of
the time domain channel sparsity and the time delay Doppler domain symbol
constellation constraints.

In recent years, the research of OTFS has expanded from SISO scenarios to the
multiple input multiple output (MIMO) scenarios, the system performance of OTFS
was supposed to be improved by MIMO channel estimation and signal detection
algorithm optimization. Reference [26] studied the system vector expression of OTFS-
MIMO, and proposed the channel estimation and signal detection methods of OTFS-
MIMO. Reference [27] used the vectorization formula to equivalent the channel matrix,
and proposed a low-complexity OTFS-MIMO signal detection algorithm based on
Markov chain Monte Carlo sampling and a channel estimation scheme based on the
delay Doppler domain. The simulation results showed that OTFS outperformed OFDM

in high-speed mobile scenarios. Reference [28] studied the precoding schemes for the
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MIMO-OTFS system based on codebook, and singular value decomposition (SVD),
and then modified the MRC detector. To obtain the spatial diversity, reference [29]
introduced the index modulation (IM) to the MIMO-OTEFS systems and proposed a
system model and a low complexity signal detection method based on MIMO-OTFS-
IM technologies. In reference [30], a dynamic grid resource allocation method for
uplink in the OTFS system is proposed. By rationally arranging the resource allocation
of pilots, guard intervals, and data symbols, the error performance is close to the
traditional method achieved. However, the dynamic grid resource allocation method

can send more data and improve resource utilization.

[IM-OTFS {NOT)/;ISSMA [RIS-OTFSJ ‘ \gﬂg}
l l | ]
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Figure 2 Research status of OTFS.

As shown in Figure 2, the present research on OTFS technology™ is still not
complete yet, and the future OTFS technology is expected to become an effective

solution to high-speed mobile communication scenarios.
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1.2.2 Physical Layer Security

In recent years, some new technologies have emerged in the field of wireless
communication, such as large-scale antennae, millimeter wave communication, UAV
communication, and so on. For the PLS transmission in large-scale antennae, reference
[31] studied the reachable private rate and security interrupt probability in large-scale
antenna relay systems. In the research on the application of multi-antenna in PLS,
Artificial noise injection and secure pre-coding are often used in combination. In the
MISO channel, reference [32] analyzed the PLS when the eavesdroppers are distributed
randomly and proposed a throughput optimization scheme assisted by artificial noise
(AI). In the case of incomplete CSI, reference [33] considered the existence of passive
eavesdroppers and the existence of multi-user secure communication based on the zero
forcing (ZF) precoder and minimum mean-square error (MMSE) precoder. Reference
[34] used directional modulation to enhance physical layer transport security. Reference
[35] used the statistical channel model to analyze the impact of the density of obstacles
and eavesdroppers in random networks on the security outage probability of millimeter
wave communication systems.

The research on physical layer security transmission in the UAV communication
scenario included optimizing the flight path in the relay system to maximize the average
privacy rate [36], optimizing the hover height to maximize the privacy rate in reference
[37], and optimizing the launch power to maximize the sum privacy rate in reference
[38]. These emerging technologies have injected new vitality into the physical layer

security transmission. Reference [39] studied the maximization of the security energy
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efficiency of the relay system in the presence of potential eavesdroppers, and the path
optimization when the location of the eavesdropper is not completely determined.
Reference [40] further extended it by proposing a scenario of cooperative multi-UAV-
assisted secure communication and investigating a cooperative jamming strategy, in
which one node was deployed as a relay to assist ground users in information interaction,
but there were additional ground eavesdroppers in the process, when another node send
artificial jamming noise to ground eavesdroppers to counteract eavesdropping, and the
authors investigated the cooperative path optimization design of two UAVs in the air to
enable the whole UAV communication system to communicate securely. The goal of
Reference [41] was to maximize the security rate in the worst case by jointly optimizing
the trajectory and transmission power under the coexistence of multiple eavesdroppers,
considering the energy consumption in this scenario. Reference [42] combined UAV
with a millimeter wave network and studied the security communication problem as an
active friendly jammer in a millimeter wave network to assist the safe transmission of
the system. These emerging technologies have injected new vitality into the physical

layer security.
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1.3 The Major Work and Chapter Arrangement

To solve the high-mobility and security problems in the 6G communication
scenario, this thesis mainly research the OTFS modulation technology and researches
a secure precoding strategy in the OTFS system.

The chapter arrangements are as follows:

In chapter one, the research background and significance of our research are first
indicated. Then the current research status at home and abroad are reviewed. The major
work and the chapter arrangements of this thesis are shown as follow:

In chapter two, the wireless transmission characteristics are classified into several
channel fading types. Then, four equivalent different functions are shown to represent
the linear time-varying (LTV) channel and the transformation relations in between. The
physical discrete-path model is introduced to describe the physical wireless channel
more specifically.

In chapter three, the OTFS system model is introduced from the transmitter to the
receiver. The reduced CP is compared with the traditional full CP. to study the spectrum
efficiency of the OTFS system. Then from the aspect of the transceiver waveform types,
three different conditions are assumed, which are the arbitrary waveforms, the ideal
pulses satisfying the bi-orthogonal property, and the rectangular pulses used in practical.
In the above three conditions, the input-output relations in the TF domain and DD
domain are derived. Moreover, the inter-carrier interference (ICI) and inter-symbol
interference (ISI) in the TF domain and inter-Doppler interference (IDI) in the DD

domain are analyzed. With the effective channel matrix derived in the input-output
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relations, the equivalence between time domain ZF equalization and the DD domain
ZF equalization is proved, as well as the MMSE equalization.

In chapter four, the principle of the SVD is first introduced. Then, a secure
precoding strategy is researched based on SVD in the OTFS system, which uses no
secret key but the superiority of the legitimate channel to realize PLS. Because of the
reciprocity of the wireless channel in the time division duplex (TDD) system, both and
only the legitimate transceivers can extract the effective channel matrix from the
legitimate channel CSI. Then the extracted effective channel matrix will be decomposed
by the SVD method to get the matrices, which are used to generate the rotate OTFS (R-
OTFS) waveform by precoding. Due to the differences and independence of physical
channels, those eavesdroppers can not obtain the correct information, even if they know
all of the R-OTFS, which finally guarantees the security of private information in the
high-mobility OTFS system.

In chapter five, the summary and prospect are given, where the research content of
the thesis is summarized, and a prospect is made for the applications of PLS in the high-

mobility OTFS systems.
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Chapter Two Wireless Channel

In this chapter, the wireless channel, including the classification of the channel
fading types, the representations of the LTV channel in different domains, and the
physical discrete-path model are introduced.
2.1 Wireless Channel Transmission Characteristics

In wireless communication systems, signals are transmitted in the form of
electromagnetic waves from the transmitters to the receivers through wireless channels.
In the process of propagation, electromagnetic waves will be affected by the reflection,
scattering, and diffraction of obstacles in the wireless channels, which changes the
amplitudes, frequencies, and time of the transmitted signals due to the wireless channel
transmission characteristics. Thus a power loss and a decline in communication
performance are caused during the transmission process.

2.1.1 Classification of Wireless Channel Fading

From the perspective of distance, the classification of the wireless channel fading
is shown in Figure 3. Wireless channel fading can be generally divided into large-scale
fading and small-scale fading. Large-scale fading includes path loss during the
propagation of electromagnetic waves and the shadow effect caused by the occlusion
of large obstacles!*}]. Small-scale fading is characterized by drastic changes in signal
power over short distances (order of wavelength), including the frequency-selective
fading caused by the multipath effect and the time-selective fading caused by the

Doppler effect!+4],
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Figure 3 Classification of wireless channel fading.

2.1.2 Path Loss and Shadow Fading

Path loss is caused by the radiative diffusion of transmitted power and the
propagation characteristics of the wireless channel itself. This phenomenon leads to the
change of the received power of the signal over a long distance (100m~1000m).

Shadow fading is due tothe presence of obstacles over a medium distance
(hundreds of wavelengths), leading to the attenuation of the signal power, or even
blocking the signal. Path loss and shadow fading cause signal power attenuation in
large-scale distance transmission, which is also called large-scale attenuation*®!,

2.1.3 Multipath Effect and Frequency-selective Fading

In the practical wireless channels, due to the presence of scatterers, the transmitted
signals will go through different degrees of attenuation in different paths and finally
superimpose at the receiver. This phenomenon is called the multipath effect, which will
cause delay spread shown in Figure 4. The different lengths of multiple propagation
paths from the transmitter to the receiver also result in different delays of the transmitted
signals™”l. Such channels are called time-dispersive channels. The delay difference

between the two paths in Figure 4 is given by
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_Lth h (2-1)
C C

AT

where ¢ represents the speed of light.

(o) n
A .

Figure 4 Time spread schematic diagram.

The delay power spectrum denoted as P(z) is the most important parameter to
describe the bandwidth characteristics, which represents the average power of the given
multipath delays. P(z) is usually obtained by broadband channel measurements in

the time domain or in the time-frequency (TF) domain!**l. P(7) can be calculated by

the local channel impulse response in the time domain
P(r)=] | h(t,7)ldt (2-2)
where 7 represents the delay. P(7r) shows the power intensity of the received signal

within the time range [r,7+dz] when transmitting the unit energy pulse, which is

irrelevant to the Doppler shift. Its actual range of integration is a quasi-static time

interval.

The average delay , and root-mean-square (RMS) delay o are both essential
variables to describe the channel delay spread, which can be expressed as

I:TP(r)dr

¥ , (2-3)
j P()dr
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I:Z(r—z_')zP(r)dr
) I:P(r)dr

(2-4)

o

The coherent bandwidth denoted as B_ represents the maximum frequency
difference of the channel when the envelope correlation is a certain value. The RMS
delay o_ can be used to estimate the coherent bandwidth B_ since they have an

approximately inverse proportional relationship, which is B, ~1/c_. When the signal

bandwidth is far smaller than the coherent bandwidth, the amplitude of the channel
response is a constant value within the bandwidth. In this case, the signal of all
frequencies will go through similar flat fading, which is also called frequency non-
selective fading. On the contrary, when the signal bandwidth is far larger than the
coherent bandwidth, different frequency components in the signal will be affected by
different channel responses, which is called frequency-selective fading. In this case, the
transmitted signal will be severely distorted*”].

2.1.4 Doppler Effect and Time-selective Fading

In wireless communication, the signal frequencies will be shifted if the transmitter
or receiver is moving relative to each other, which is called the Doppler shift. Figure 5
shows the Doppler shift in a high-mobility scenario. When they move towards, the
frequencies of the received signal will be higher than the transmitted signal. When they
move in opposite directions, the frequencies of the received signal will be lower than

the transmitted signal. This is called the Doppler effect.
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om

Figure 5 Doppler shift schematic diagram

For electromagnetic waves, the Doppler shift due to the Doppler effect depends on
the relative speed, which can be expressed as
o =%cos@= fcgcose, (2-5)
where f_is the carrier frequency, v is the relative speed, ¢ is the speed of light,
and g 1is the angle between the relative moving direction and the electromagnetic
wave incident direction. These parameters will directly affect the Doppler shift f_,
which means the faster the mobile terminal moves, the larger the Doppler shifts. When
the incident angle is zero degrees, the Doppler shift reaches its maximum. Thus, the
maximum Doppler shift is defined as
foms =7 = foo (2-6)
In the process of radio wave transmission, the propagation mechanisms including
scattering, diffraction and reflection, cause the multipath channel where the signal
propagates in different directions. The multipath components cause the spread on the
frequency spectrum of the received signal, which is called the Doppler spread.
Different incident angles produce different Doppler frequency shifts, and The

superposition of all scattering components forms a continuous Doppler power spectrum.

When the incident angle of the radio wave is uniformly distributed, which means
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multipath radio waves come uniformly from all directions, the incident angles of the

received radio waves are uniformly distributed on [0,27]. The Doppler power

spectrum in this case is called the classical Doppler power spectrum*®!. As shown in

Figure 6, the classical Doppler power spectrum is centered at the carrier frequency  f_

f +f

Dmax’ ‘¢ Dmax]'

and distributed on [ f_— f

()

_

I 1, Je It

Figure 6 Classical Doppler power spectrum.

A time parameter corresponding to the Doppler spread is the coherent time denoted
as T_, which can be used to describe the frequency dispersion characteristics of time
domain channels. Coherent time T, has an approximately inversely proportional

relationship with the maximum Doppler spread f which can be written as

D max ’

T ~ ; (2-7)

D max

Coherent time is defined as the statistical mean of the time intervals in which the

channel impulse responses remain unchanged and the received signals have strong

amplitude correlations. When the symbol duration denoted as T_ is less than the
coherent time T_, the channel characteristics do not change much during the signal

transmission, which is called slow fading. When the symbol duration T_ is larger than
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the coherent time T_, the channel characteristics have already changed a lot during the

signal transmission, which is called fast fading or time-selective fading.
2.2 Representation of LTV Channel
The delay of the received signal is caused by channel multipath delay propagation
and time spread, while the Doppler shift of the received signal is caused by the mobility
of the transmitter or receiver and the oscillator drift. A deterministic linear time-varying
(LTV) channel is modeled to derive the specific expressions of the received signal®!,
An LTV channel can be represented in four equivalent forms, which are time-
varying impulse response ¢(r,t), delay-Doppler spreading function (or delay-Doppler
impulse response) h(z,v) , Doppler spreading function (or bi-frequency function)
C(f,v), and time-varying frequency response H(f,t)"*'L Each of these functions
contains a complete description of the channel, which contains any two variables among
time t, delay 7, frequency f , and Doppler frequency v.As shown in Figure 752,
each function can be transformed to each other by doing several Fourier transforms (FT)
denoted as F or inverse Fourier transforms (IFT) denoted as #-1. For example, the
relationships between ¢(z,t), h(z,v),and H(f,t) are given by
H(f,t)=J.C(r,t)e’jz”f’dr, (2-8)
h(z,v) = j c(r,t)e 2™dt . (2-9)
In particular, the transformation between H(f,t) and h(r,v) can be realized
directly by ISFFT or SFFT, which can be expressed by
H(t, f)=”h(r,v)ejz”(”’f’)drdv, (2-10)

h(z,v) =H H (t, f)e 27" gtdf . (2-11)
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Assume that s(t) is the narrowband transmitted signal, and r(t) is the received
signal. Then the input-output relation in the time domain is given by

r(t) = jof””“ c(z,)s(t—7)dr
:jf:H(t, £)S(f)e'2"df , (2-12)

- j jo h(z,v)s(t —7)e' > )d zdv
~Vimax

where 7 denotes the maximum channel delay, and v__  denotes the maximum

channel Doppler shift.
Tune-varying
Impulse Response
c(r,1)
Time-varyi SFFT Delay-Doppler
‘ lme \aLyllng H(f.1) h( ,v) e ay opp er
Frequency Response ISFFT Impulse Response
.F_l f*]
F F
C(fsv)
Doppler-varying
Spreading Function

Figure 7 Different representations of the LTV channel.

2.3 Physical Discrete-Path Model

Among the different representations of the LTV channel mentioned above, the

disadvantage of c(r,t) and H(t, f) is that both of them might be limited by the
maximum channel delay 7__ and the maximum channel Doppler shift v__ 1% In
this case, the changing rate of the channel coefficient is proportional to the reciprocal
of coherent time, and its value will be determined by the operating frequency and the
moving speed. Therefore, the channel varies very fast when it works in the high

mobility and high operating frequency scenario, which makes it hard to do channel
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estimation and equalization’). However, h(z,v) combines the communication
model with the physical scenario in the delay-Doppler domain. Because the parameters
delay and Doppler shift are directly related to the physical quantities distance and
speed, respectively!4l.

In the physical discrete-path model, the explicit channel characteristics are
obtained mainly through the physical propagation paths®*!. The physical effects of the
time-frequency doubly-dispersive channel are mainly multipath propagation and the

Doppler effect!®! Assume that a finite number of paths are modeled between the

transmitter and the receiver. Then h(r,v) can be modeled by

ey =Y ho(r-7)8(v-v,) 2-13)

i=1

where p is the number of paths, 7, and v, are the channel delay and Doppler shift
in the ith path, §(+) is the Dirac function, and h, =|h|e’* denotes the complex path
gain, in which the path phase in the ith path ¢, is uniformly distributed on [z, 7]
and independent of different paths.

From equation (2-12) and (2-13), the time domain input-output realation in the

discrete-path model can be calculated by
P -
r(t) =) hs(t-z)e"™ (2-14)
i=1
From equation (2-10) and (2-13), H(f,t) can be calculated by

P . .
H(f,t)=> he el (2-15)

i=1

Assuming the carrier frequency is 77 GHz, the maximum relative speed between



RESEARCH ON PLS BASED ON OTFS MODULATION 36

the transmitter and receiver is V__ =500 km/h . In this case, the maximum Doppler
shift is v =35.65 KHz. We set 10 propagation paths in the multipath channel7],

where the Doppler shift in each path is distributed uniformly on [-v ]- And the

max ! Vmax
complex path gain in each path obeys the Gaussian distribution with zero mean and

equal variance, which can be expressed as h ~CN (0,1/P) .
The delay-Doppler impulse response h(r,v) and the time-varying frequency
response H(f,t) areplotted in Figure 8 and Figure 9, respectively. H(f,t) inFigure

8 shows that channel is fast time-varying in the TF domain, which may make it hard to

do channel estimation. However, h(r,v) in Figure 9 shows that the channel impulse

response is much more compact and sparse in the DD domain.

“30

Delay

400 o

Figure 8 Delay-Doppler impulse response.
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Frequency(MHz) 5 Time(ms)

0
Figure 9 Time-varying frequency response.

2.4 Summary of the Chapter

In this chapter, the transmission characteristics of the wireless channel are first
classified into several types of fading, which are path loss, shadow fading, frequency
non-selective fading, frequency-selective fading, slow fading, and time-selective fading.
Then, four equivalent representations of the LTV channel in different domains and the
transformation relations from one to the other are introduced. After building the
physical discrete-path model, the channel response in the TF domain and DD domain
are plotted, which shows that the channel response is sparse in the DD domain but fast

time-varying in the TF domain.
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Chapter Three OTFS Principle and Analysis

In this chapter, the OTFS system model is first introduced from the transmitter to
the receiver and compare the reduced CP and full CP in OTFS. Then, the input-output
relations are derived and the interferences in different domains are analyzed. Moreover,
the equivalence between time domain ZF equalization and the DD domain ZF
equalization is proved, as well as the MMSE equalization.
3.1 OTFS Principle

OFDM is a traditional multi-carrier modulation technology, widely used in 4th
generation (4G) and 5th generation (5G). OFDM converts high-speed serial data into
low-speed parallel data by frequency multiplexing, which has good resistance to
multipath fading. However, in the high-mobility scenario requested in 6G, the
orthogonality of the subcarriers will be severely damaged due to the high Doppler. Thus,
OTFS is introduced as a new multi-carrier modulation technology instead of OFDM to
solve the high-Doppler problem in the 6G scenario. OTFS modulates information
symbols onto a set of two-dimensional orthogonal basis functions in the Delay-Doppler
domain, where the channel impulse response is sparse.

On the one hand, OTFS modulation can be treated as a precoding module added to
the traditional OFDM modulation scheme, which makes OTFS highly compatible with
OFDM and enables the OTFS technology to be implemented in practical engineering>®

381 This way of OTFS modulation scheme based on OFDM is shown in Figure 10.
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Figure 10 OTFS modulation scheme based on OFDM.

On the other hand, the OTFS system can also be realized in a more general way, as
shown in Figure 11. In the following sections, we will mainly introduce the second way,
which can achieve higher spectrum efficiency. The difference between Figure 10 and
Figure 11 is mainly reflected in their CP insertion method, which will be declared in

section 3.1.1 specifically.

L ISFFT |

Window Transform BT, v) | ST

! 1
—_— ! ! - [
X[m.n] Tx  |X[m.7]| Heisenberg 1 5() [ Channel | 7(1) Wigner |[Y[m.n]l  Rx [YImnl, M.k
i i
1 1

!

! Time Domain | \
4 1

1

1

Figure 11 Generalized OTFS modulation scheme.

3.1.1 Transmitter
In this OTFS system, the source information is considered as a sequence of QAM
symbols denoted as a column vector ¢, whose length is M x N . Then, the QAM
symbols are distributed onto the two-dimensional delay-Doppler grid as one frame of
OTFS symbols, which can be expressed as
Xpplk, 1], k=0,...,N-1and I =0,...,M -1, (3-1)
where M represents the number of subcarriers and N represents the number of the
symbol points. And its corresponding matrix form is given by
Xy € CYN. (3-2)

The QAM symbols on the DD grid will be modulated onto the TF grid by ISFFT,
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which is a two-dimensional orthogonal transformation. The discrete DD grid and TF

grid are shown in Figure 12. The transformation can be expressed as
nk mlj

(3-3)

N M
9

1 N

1M1 j,{
X1 [n,m] = — k:Og,)xm[k,l]oa

where ,Nn=0,-*,N-1 and m=0,---,M —1. The equation (3-3) shows that ISFFT

can be realized by the combination of M-point DFT and N-point IDFT. Thus, the matrix

form of ISFFT is given by
Xe = Fy XpoF s (3-4)

represents the normalized M-point DFT matrix, and

27 jkI/M M -1
k,1=0

1
where F,, ={——e
M

represents the conjugate transpose of the matrix.

(+)’

Frequency
Delay M
M
2D ISFFT
2D SFFT
! 2
— 1
MAf -
) ], 2 N Doppler 2
1 A_f'l 1
NT 12 N Time
T

Figure 12 Discrete DD grid and TF grid.

The discrete data symbols are then multiplied by a windowing function denoted as

W, in the TF domain, which can be expressed as
(3-3)

Xte [n,m] = X [n,m]W, [n,m],

whose corresponding matrix form is given by
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X1 = X;r OW, 5 (3-6)
where © is called the point-wise multiplication or Hadamard productand W, is the

matrix form of W,, -

Since the point-wise multiplication in the TF domain is equivalent to a 2D circular
convolution in the DD domain, the TF domain window can be treated as a DD domain
filter to improve the sparsity of the effective channel in the DD domain. Moreover, the
windowing function can be designed for various purposes, such as shortening the
channel response in the DD domain, mitigating the effects of ISI and ICI caused by
multipath propagation and LTV channels, and making the receiver perform efficient
channel equalization and demodulation by concentrating the energy of the transmitted
symbols in a compact region of the time-frequency plane.

The choice of the windowing function depends on the specific requirements of the
communication system and the characteristics of the channel. Some commonly used
windowing functions for OTFS include rectangular, Hamming, and Kaiser-Bessel
functions. The optimal windowing function can be determined by analyzing the trade-
off between spectral efficiency, computational complexity, and ISI/ICI suppression.

Then, the window-filtered discrete signal in the TF domain is transformed into the
continuous time domain signal by the Heisenberg transform, which can be expressed
as

N-1M -1

s(t)= 3 X Xre[n,m]g, (t—nT)ezwm ), (3-7)

n=0 m=0

where Af is the frequency grid spacing which is also called the subcarrier spacing, T

is time grid spacing which is also called the OTFS symbol duration, and g, (t) is the
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pulse-shaping filter function at the transmitter. To guarantee the orthogonality of the

multi-carrier modulation, TAf =1 should be satisfied. The corresponding matrix form
of the Heisenberg transform is given by
S, =G Fi' X (3-8)
s, =vec(S;), (3-9)
where G, =diag[g,(0),9,(T/M),...,g,(M-1)T/M)] is the pulse-shaping
filtering matrix at the transmitter, and vec(+) represent the column vectorization
operation.

Before launching into the wireless media by RF antenna, some CP should be added
to the time signal s_, and the details will be presented in the next section.

During the wireless transmission, the multipath effect will cause the time spread,
as we introduced in section 2.1. Due to the existence of the time spread, the tail of the
previous symbol will fall into the sampling interval of this symbol, which causes ISI.
And the orthogonality of the subcarriers is also destroyed, which causes ICI.

To resist ICI and ISI caused by time spread, we introduce the definition of CP.
which copies the last few bits of the symbol at the tail and pastes to the head. After
adding CP, the transmitted symbols could transform the linear convolution with the
channel response into cyclic convolution, through which it resists the ICI and ISI caused
by the time spread. Thus, the cyclic characteristics make the receiver can get the whole
symbol even with the presence of delay, as long as the delay spread is shorter than the
CP duration.

However, if the total length of CP is too long, it will take a lot of spectrum efficiency.
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Thus, we introduce the Reduced CP, in which only one CP is added to one OTFS frame,
compared with the traditional Full CP, in which multiple CPs are added to one OTFS

frame. The RCP and FCP are shown in Figure 13.

< M >
| cp, | S, | S, | | Sk | cp, |
(a) Reduced Cyclic Prefix.
L ML L
[ cp, | S, | cp, | cp, | S, | cp, | oo | cpy | Sy | cpy |

(b) Full Cyclic Prefix.
Figure 13 Different Cyclic Prefixes in OTFS systems.

The operation of adding CP to the column vector s, can be written in the matrix
st = ATs,, (3-10)

where pcP is the CP addition matrix. The length of the CP is denoted as |_, , which

cp?

should be larger than the channel delay spread | _, which can be expressed as

lep =1, - To be more specific, in the RCP model, the CP addition matrix ACP can

be written as
AT =[G 1, T, (3-11)
where gcp o cMv-m® is formed by taking the last |~ columns of the identity

matrix | MN *

When using the Reduced CP, the corresponding expression is given by

(
s|t+ NT — lee ,0<t<|°—P
M Af M Af
S'(t): N (3-12)
S t—IC—P , loe <t< loe +NT
M Af M Af M Af

After the CP is added to the data symbols, the time domain signal is then modulated

onto the carriers and emitted to the wireless channel by RF antenna, which will be

discussed in more detail in the next section.
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3.1.2 Channel
In this OTFS system, we will use the physical discrete-path channel model
mentioned in the previous sections. As declared in section 2.1.4, the complex baseband

impulse response h(r,v) of a doubly-dispersive multipath channel can be expressed

as

hew) =Y he (1) (v-1,)» (3-13)

i=1
where 7 is the channel delay, v is the channel Doppler shift, P is the number of the

paths, h 7, and v, are the channel gain, channel delay, and Doppler shift in the ith
path, respectively. Among them, the representations of 7, and v, are given by

~ ITi +1,

- , (3-14)
T MAf

LR (3-15)
TUNT

where | and ; represent the integer part and the fractional part of the delay taps in
the ith path, ; >- l k, and x, represents the integer part and the fractional part of
7i 2 i i
. . 1 1
the Doppler taps in the ith path, -~ <, <=.
2 "2

In the practical wireless channel paths, the delay and Doppler may not be integer

multiple of A7 = and Ay = 1 , respectively. It means signal paths may not

be on the DD grid points but inside, which causes the problems of fractional delay and
fractional Doppler.

The delay resolution A7 can be improved by increasing M the number of

subcarriers when the subcarrier spacing is fixed. Since the bandwidth and the number
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of subcarriers M are very large in practical multi-carrier systems, the sampled path
delays can be approximated as integers, and the fractional parts of the delay taps can be
ignored.

However, if the Doppler resolution is improved by increasing N the symbol points,
which also increases the symbol duration NT . In this way, if the symbol duration
T, = NT is increased to be larger than coherent time T_, the signal will go through a
time-selective fading as mentioned in section 2.1.4. So the impact of fractional parts of
Doppler taps K, cannot be easily ignored.

A concise representation of the channel response is given by

Hy = Zhira®, (3-16)
where 4! represents the impact of the channel delay in the ith path, which means the
signal in this path reaches the receiver by left circular shifting 1. symbols. And &

is a diagonal matrix representing the impact of the channel Doppler shift, which makes

the phrase increase with symbol coordinates increasing. The details of s and Ak

are given by

|'0 0 1"|
100

\‘0 1 OJMNXMN

A" =diag{e”™™}, n=01..,MN-1and T,=T/M

jord j2rx2 j2nxd j27 (MN 1) . (3-18)
=diag{1,e MN @ MN '@ MN " e MN J

n“:dmqul )=

MNxMN * 'z,

; (3-17)

Notice that though the channel matrix H_ is the matrix form of the delay-Doppler

response, it can also be considered as the effective channel in the time domain before

adding CP and after discarding CP.
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3.1.3 Receiver
At the receiver, the expression of the attached signal with CP is given by
r(t) = j j h(z,v)s'(t—7)e>™dzdv + w'(t) , (3-19)
where w'(t) is the time domain additive white Gaussian noise (AWGN) with the
presence of CP. Substitute equation (3-13) into equation (3-19), we can get
r'(t) = igplhie"z’”‘("f‘)s’(t —7,)+W(t) (3-20)
To simplify the derivation, here we consider no fractional delay and fractional

Doppler, which means ; =0 and x, =0. In this case, we substitute equation (3-14)

and (3-15) into equation (3-20), then we can get

p '27rL tfli' .
r(t) = ZhieJ NT[ MAf]s' P +W(t)- (3-21)
i-1 MAT
Next, we sample the received signal r'(t) to the discrete one with the sampling
period T, = NT = T , which can be expressed as
MN M
P jzﬂki(”‘li)
r'(ny=xXhe ™ s'(n-1)+w(n)> (3-22)
i=1

where w'(n) represents the AWGN in the discrete-time domain. Then, the CP in the

discrete-time domain signal r’(n) will be removed. The expression of the received
signal in the discrete-time domain before adding CP and after discarding CP is given

by

jzﬂki(”*h)

r(n)= Y he'™ W S ([ 1]y )+ W) (3-23)

i=1

where r(n) and w(n) are the discrete time domain representations after discarding

CP, and [+] denotes the modular operation®®.. The corresponding representations of

the equation (3-23) in the simplified matrix form are given by
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rp=H.s +w,, (3-24)
R, =vec™(r;), (3-25)
where the time domain effective matrix H_ has been declared in equation (3-16),
and yec'(s) istheinverseofthe vec(+) operation. The vector w, denotes AWGN
noise in the discrete-time domain, and its distribution is given by
W, ~ CN'(0,6%) (3-26)
where |, denotes an MN-dimensional identity matrix, and ;2 denotes the
variance.
We denote r(t) asthe CP discarded version of r’(t). Then the cross-ambiguity
function of the receiving matched filter A, () is given by
Y(LF)=A (tF)=] g (t-t)r(t)e”” ", (3-27)
where g, (t) is the pulse-shaping filter at the receiver and (.) denotes the complex
conjugation!®”],
Then in the TF domain, the continuous signal is sampled to be a discrete signal,

which can be expressed as

Y e [n,m]zY [t, f]

ot ot ,form=0,---,M -landn=0,---,N-1. (3-28)

The cross-ambiguity function (3-27) and the sampling function (3-28) are merged
to be the Wigner transform, which transforms a continuous time domain signal into a
discrete signal. Thus, the overall expression of the Wigner transform can be expressed
as

Yre [nm] = { g5 (t'=nT)r(t)e ™M, (3-29)

whose corresponding matrix form of Wigner Transform is given by
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Y+ =F,G_R;> (3-30)
where G, =diag[g,,(0),9,(T/M),, g,(M-1T/M)].
The data after the are Wigner transform then multiplied by a TF domain windowing
function denoted as W, at the receiver, which can be expressed as
Y& [n,m] =Y. [n,m]W,, [n,m] (3-31)
whose corresponding matrix form is given by
Y=Y, OW,, (3-32)
where W_  is the matrix form of W_.
Then, we transform the windowed data in the TF domain into the DD domain by

SFFT, which can be expressed as

N-IM -1 - jzﬂ(ﬁfﬂ'j
> YYrw[n,mle N M/, (3-33)

Yoolk.11= ﬁ
3.2 Time-Frequency Domain Analysis
In the following sections of this chapter, we will derive the input-output relation
under different conditions. To simplify the derivation, we consider no CP and set all the
values of the windowing functions to unity.
3.2.1 Input-Output Relation in TF Domain for Arbitrary Waveform
We first derive the input-output relation in the TF domain for the arbitrary in the
expression form, which starts from substituting the (3-19) into (3-27)
Yt. )= g, (t'_t)[ [ Lh(f,v)s(t'_T)eiz’”(t’-f)dfdv+w(t')}e-12’”“’-‘>dt'. (3-34)
Then, by substituting (3-7) into (3-34), we obtain

N-1M-1

Yt f)=2 X XTF[”"m’]{J.VLh(T’V)Uyg:X (t'—t) g, (t' —7—n'T)elzmarte=rm)

'=0
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g7 g iz gy | drdv} [ g (t-tw(t)e . (3-35)

After sampling Y (t, f) with t —nT and f =mAf , we get its discrete version,

which is shown as equation (3-36)
N-1M-1 ., € (or , p j2zm'Af (t'-z-n'T)
Y [n,m]= T X Xgeln,m ]{J.th(T’V)Uvg” (t'=nT)g, (t'-z-n'T)e
pizm(t=r) e—jZﬂmAf(t'—nT)dt,:| dZ'dV} + J‘t’ g:X (t' nT )W(tl)e—jZIZmAf (=) gt , (3-36)
where the last term L g5 (t'=nT)w(t)e > "Mgt’  satisfies the definition

declared in equation (3-27). Thus, the last term can be rewritten as a cross-ambiguity

function A, [nT,mAf] and defined as W, [n,m]. Then, the input-output relation

for the arbitrary waveform is given by

Y [n,m]= ) MZ&XTF[n',m']Hmm[n’,m’]+WTF [n,m] (3-37)
0

n'=0 m'=

where
Hn’m[n’,m']:J‘VLh(r,v)Ut,g:X (t'=nT)g, (t'-7-nT)
« ej27rm’Af (t’—r—n'T)ej2;rv(l'—r)e—j27rmAf (t’—nT)dt,:I dzdv . (3—38)
By substituting t"=t'—7—n'T and t'=t"+7+n'T Intoequation (3-38), we get
Hyalt' 1= [ [ 1z [, 05 (¢~ (n-n)T +2) 0, (t")
y ejzﬁm,Aftnej2;z-v(t~+n'T)eijHmAf[t",(nfn’)T+r]dt,,:|dz_dv ) (3_39)
We rearrange the exponential part of the equation (3-39) to get
Py % ron ' m ~— 2z (m-m")Af —v || t"—(n-n")T +z ”
Hn,m[n,m]ZLLh(T'V)[L,,QrX(t —(n—n"T +7)g, (t")e"’ L I Jat J
« @l2r(remst )[(n-n")T —T]ejz;zvn’T dzdy - (3-40)
We can observe that J‘ gr*x (tu _ (n _ n/)T + T)gtx (t u)eijII[(m—m')Af —v][t"=(n-n)T +1]dt/r
v
also satisfies the cross-ambiguity function due to equation (3-27). Thus, equation (3-40)

can be rewritten as
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H,.[n,m]= J‘VJ'T h(z.,v)A, [(n —n')T —z,(m-m’") Af —v]
« @i2rlman(n-mT=e] g jamnT 4 gy (3-41)
Moreover, the following matrix form of the input-output relation in the TF domain
corresponding to the equation (3-37) is given by
Yo = HipXep +Woes (3-42)
where x,. and y__ correspondingly refer to the vectorized version of X . and
Y., - The noise vector w_. and effective channel matrix H._ in the TF domain are
given by
w. =(l, ®F,G,)w;, (3-43)
H, =, ®F,G,)H; (1, ®G,F\)> (3-44)
where ® denotes the Kronecker product. The relevant proof from equation (3-42) to
equation (3-44) is given in Appendix A.
3.2.2 Input-Output Relation in TF Domain for Ideal Pulses

The g, (t) and g, (t) pulses are said to be ideal if they satisfy the bi-orthogonal

property!'”’

A0, (4 F)

tx

t=nT +(’7max Tmax )» f =mAf *("’max vaax) - 5[n]5[m]qrmax (t)qvmax ( f ) ’ (3_45)
where q,(x)=1 for xe(-a,a) andzero for otherwise. Equivalently, the value of the

cross-ambiguity function A (t, f) can be declared as follows

Agrxvgtx (t1 f )

t=nT Jr(7Tma>< +Tmax )* f=mAf Jr(7‘/ma>< +Vmax )

_ {1, t € (—Tpax Ty )ANA € (=¥, 0 Vi) @d M=n =0 | (3-46)

0, te(nT -7, ,NT+7 )andfe(mAf—v

max ! max

mAf +v__ ) vVmn=0

max ! max

Unfortunately, ideal pulses cannot be realized practically but can be approximated

by waveforms with support concentrated as much as possible in time and frequency,
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given the constraints imposed by the uncertainty principle®®. Nevertheless, it is
important to study the error performance of OTFS with ideal waveforms since it serves
as a lower bound on the performance of OTFS with practically realizable waveforms,

such as rectangular waveforms, etc.

For the ideal pulses satisfying the bi-orthogonal property, the value of H_ [n’,m’]
is non-zero only at pn’=pn and m' =m according to equation (3-41). Hence, the
following input-output relation in the TF domain for the ideal pusles can be obtained
by only considering only the term with n'=pn and m'=m of the H_ [n’,mT,
which can be expressed as

Y [n,ml=H_ [n,m]X;-[n,m]+W,. [n,m], (3-47)

where

Hn’m[n,m]z Hn'm[n',m’]

n'=n,m’=m

j j h(z,v)e!?™"e 127 maDrq 1dy . (3-48)

By substituting equation (3-13) into equation (3-48), we obtain

P . .
H,n[nm]= z ho(r—z)5(v-v, )eJzmlinTe_JZ}I(VierM)Ti : (3-49)
i=1
I I, +2, k, +x, . .
Then, by substituting 7 =2 % and y —_% % into equation (3-49), we
' MAT ' NT

obtain the closed form expression of H_ [n,m]

TRy e e j2r M,M
H [”’m]=ih-6j2”wej[ v J (3-50)

However, the number of subcarriers in the practical multi-carrier system is usually

large enough to increase the delay resolution to a high precision, so that the fractional

part of delay taps can be ignored. Therefore, the simplified version of H_ [n,m] is
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obtained by substituting ; =0 into equation (3-50)

) P jzﬂ(kvl"*\":/\l,l)lrlejZﬁ[N M } (3-51)

3.2.3 Input-Output Relation in TF Domain for Rectangular Pulses

For rectangular pulses, A [(n—n’)T —7,(m-m')Af —v] is non-zero for

X 19tx

|e|< 7,5 and |v|<v,, only when p'=p and p'=p-1,since g (t) and g,_(t)
are pulses of duration T and 7 __ < T . In this condition, the expression form of the

input-output relation in the TF domain is given by

Yie [n,m] = > MZlen'm[n’, mIX [0, mT+W, [n,m]=H  [n,m]X.[n,m]
. ,

n'=n-1m'=

M-1 M -1
+ X H . [InmIX[nmT+ X H [n-1Lm]X.[n-1,mT+W,[n,m]. 3-52)
m'=0 '

m'=0,m’=m

The rectangular pulse is non-zero only in [0,T]. The convolution of two

rectangular signals is a triangle. Similarly, a cross-ambiguity function is equivalent to

a 2D correlator, and the modulus of the output is also a triangle which is non-zero only

in [-T,T]. According to A, [(n—n")T —z,(m-m’')Af —v], only when p'=n

x 1 9tx

and n'=p-1, the time t is in [-T,T], and only in this condition the cross-
ambiguity function is non-zero.

Y, [n,m] in the arbitrary waveform has M x N terms. The number is reduced to
oM terms in rectangular pulses. The first term shows the condition when p’=p and
m’ =m - The second term shows the condition when pn’=pn and m' =m, which is
called ICI. The third term shows the condition when p’=p -1, which is called ISI.

When using the rectangular waveform, the Wigner transform is then reduced to the

traditional DFT. Therefore, by substituting G_ =1, into equation (3-43) and

M

equation (3-44), the effective channel matrix and noise vector in the TF domain for
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rectangular pulses are given by
W =(l, ®F, )W, (3-53)
Hie =, ®F,)H, (I, ®F))- (3-54)
We observe that | ® F,, is an orthogonal matrix, so that the TF domain noise
vector w,_ follows the same statistical distribution as the time domain noise vector
W, . Moreover, the energy of the time domain noise vector remains unchanged after
left-multiplying the unitary matrix | ®F,, .
3.2.3.1 ICI Analysis in TF Domain for Rectangular Pulses
Fixed n and m note that the cross ambiguity function in the
H, ,[nm]m=m term of ICI, A, [—T,(m—m’)Af —v] , is independent of n,
and is computed for the j_th channel path with delay 7, and Doppler v, as
A 29" (' +1,)g,, (1) ZrmmATDEm g (3-55)
Discard the dependency of alct on (m,m’,z,,v;) for simplicity. Since the
received signal is sampled of 1/ M (or 1/MAf ), alc" can be computed as

M1, —jZn((m—m’)Af—vi))[ P +Tij

1
ICI MAf
AlCt — = 2: e

p=0

(3-56)

Recall that the pulses g, (t) and g (t) have duration T ,and | is the delay

tap. The amplitude plc' is

‘AICI ‘ _ ﬁ Milri e,jzﬂ((mfm’)Af—vi ))[Mif m) (3_57)
p=0
ejZﬂ[mm' i J% .
_ . (3-58)
Mejzﬂ[mm' ul ]ﬁ M
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Obviously, the value of ‘A'C' ‘ decreases as ' moves away from m . It implies

that ICI becomes less as the interfering subcarriers are further away from the interfered
subcarrier. Also, larger the Doppler causes larger the number of neighboring subcarriers
that interfere with the present subcarrier, which is similar to the fractional Doppler
effect.

3.2.3.2 ISI Analysis in TF Domain for Rectangular Pulses

Similar to the ICI analysis, the cross-ambiguity function in the H  [n-1,m’]

term of ISI, A" = A . [T —7,(m—m") Af —v] , 1s computed for the j_th channel

path as

1 —j27r((m—m’)Af—vi)[ P H'i—T]

z e MAf

PN (3-59)
M p=M-I

7

The amplitude ‘A'S' ‘ also has similar properties of ‘A'C' , where it reduces as 1y’

moves away from m implying that the ISI is smaller for the interfering symbols

further away (in the frequency axis) from the interfered symbol.

Note that the terms that effect the ICI and ISI are mutually exclusive, i.e., p=0
to M-1-1 contributes to ICI whereas p=M -1, to M1 contributes to ISI.
This property helps in differentiating the ICI and ISI effects in the delay-Doppler
domain.

3.3 Delay-Doppler Domain Analysis

In section 3.3, we will derive the input-output relation and analyze the IDI in the
DD domain. Moreover, we will give the representation of the effective channel matrix
in the DD domain, to provide the theoretical basis for the following research on

equalization in section 3.4.
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3.3.1 Input-Output Relation in DD Domain for Arbitrary Waveform

The matrix form of the input-output relation in the DD domain for arbitrary

waveform is given as follows
Yoo = HppXpp +Wpp» (3-60)
and y__ correspondingly refer to the vectorized version of X, and

where x
DD
in the DD domain are

and effective channel matrix H b

Y, - The noise vector w

given by
WDD = (FN ®er)WT ’ (3'61)
= (Fy ® G, )H, (F{ ® G, )X, - (3-62)

The relevant proof is given in Appendix B.

3.3.2 Input-Output Relation in DD Domain for ldeal Pulses

In section 3.2.2, the input-output relation in the TF domain has been derived in

equation (3-47). Then, the DD domain output can be obtained by doing SFFT (3-33) to

the TF domain output Y,_[n, m]
nk mlj

N M)

yDD[k,I]—fZZ( W[ MIX e [0, ]+ W, [n,m]) e g (3-63)

Similarly, by doing ISFFT (3-3) to the TF domain input X__[n,m], we get
EUR! jou( 2 l
Y Xk 1e N MW, [n,m]J
=0 1'=0

1 N-1M -1 1
DD k!I = z z )
Yoolk.11= TN S m{ n[N m]{ Ny

(3-64)

By reorganizing the terms, the equation (3-64) can be rewritten as

1Mt [ N-tm-1 _jz”[ﬂjnr Jzn["]mAf—|
YooK 11 g g XDD[k’,I']|LZOZOHn'm[n,m]e vt Tt J

_N
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1 N-1IM -1

*’thA n=0m=0

from which we observe that the second term satisfies the definition of SFFT (3-33), so

- [n.m] e’jz(%?”%q (3-65)

N-IM -1 19 Nk_ml ) '
we define Wy [k, 1= g ZOWTF [nm] e - (N M ) For the first term in equation
(3-65), we define

N-IM -1 j2[ K ot j2n mAf
hH k|”—ZZHmmmHJ[mje[mJ . (3-66)

n=0m=0

where h [-,-] is the sampled version of the following impulse response function

h, [k=K1=1'=h,(v,7)| RSP (3-67)

MAf

where h (v,7) is the result of the circular convolution of the channel response
h(z,v) with «(z,v)
h,(v,7) = j j (Vv—Vv,z—7')e ™ dr'dv, (3-68)
where @(v,7) is the SFFT result of a rectangular window in the TF domain
M —IN-1 )
a)(V, T) = Zl_e—JZn(vnT—rmAf) . (3-69)
m=0n=0
Therefore, the expression form of the input-output relation in the DD domain is
obtained

-1M-1

YoolK:11= Z_ 2 Xoo [k 1IN, [k =K', 1 =1+ wop [k, 1] (3-70)

3.3.2.1 IDI Analysis in DD Domain for Ideal Pulses

From equation (3-70) in section 3.3.2, we observe that the DD domain received

signal y_ Tk,I] is a linear combination of all the transmitted signals x_ [k’ 1],
k'=0,....,N=1, I'=0,...,M —1. Therefore, the DD domain input-output relation for

ideal pulses (3-67) can be represented as a linear system with MN variables x_ [k’ 1'] -
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In the following, By using the sparse representation of the delay-Doppler channel (3-
13), the DD domain input-output relation (3-70) can be reduced to a sparse linear
system, where each received signal can be approximated as a linear combination of only
a few transmitted signals.

By substituting (3-13) into (3-68), we obtain

hw(v,r):Zplhie_jz”v‘r‘a)(v—vi,r—ri). (3-71)

i=1

By substituting (3-69) into (3-71), we get

P i N-IM-1 . , ) ,
R ()= The 53¢ e e (3-72)
-1 n=0m=0
P .
= > he "GP (v, ) F P (7, 7,) (3-73)
i=1
where we define
N-1 '
g™ (V,Vi) A Ze—JZ;r(v—vi)nT , (3_74)
n'=0
M-1 '
FIDl (T,Ti) é ZeJZﬂ'(r—ri)m Af . (3_75)
m'=0

’

We first evaluate F'®' (r,7;) at 7= ass

—7;)m'Af

- M1 jor ot
ol v 7 | = Ze MAf (3-76)
m'=0
By substituting (3-14) into (3-76), we obtain
o (10 L) e G7)
—’ ! i — e ) )
MAf ~ MAf r;o

Since the number of subcarriers M is usually very large in practical OTFS systems,

the delay resolution can be increased at high precision to ignore the impact of fractional
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delay. Therefore, by substituting ; =0 into equation (3-77), we have

-1 1 ML 2T
G [ESUE . . 9 : (3-78)
MAf "MAf | &=
The term ejiA—”(l—l'—L.)m' in equation (3-78) can be considered as a geometric

sequence with the index ', hence we sum up all the terms of ' from 0 to M-1 and

obtain

, jar(1-I-1,) T _
DI[H : Jze _1:{M ], =0 0
1

MAF MAF - ffe) o otherwise
k—k’
NT

g.o.(k k=K, j “Zle””(k T (3-80)

=0

We then evaluate G'™ (v,v,) at v= as

By substituting (3-15) into (3-80), we obtain

_K' k N-1 .27 0 e
’ [kNTk ! VEN+TKWJ:Z€ ERL (3-81)
n'=0

Similarly, the right side of the equation (3-81) can be seen as the summation of a

geometric sequence

k_k' k, +&, -Jam(kKk ) g
g* BT E — . (3-82)
NT NT i kK k)
e -1
—k' k
Due to the fractional «, , foragivenk, G"™ (k k , K }to forall k'.We
' NT NT
define gé_f(k_k'_k —x ) and hence get
N Vi Vi
ig'D' (u,vij = M ) (3-83)
N NT N sin (@)
By equation sin(a + ) =sin(a)cos(S)+cos(a)sin(f), we have
sin | sin ( )cos(@)-+sin(¢9)cos((N—1)0). (3-84)
Nsm ‘ N sin(0)
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Through inequality |a+b|g|a|+|b| and |sin(N@)| < Nlsin(@)| » which can be

proved by induction, we obtain the following inequality relationship

sin((N —l)e)cosg\les)izzz)(e)cos((N —1)19)%S NN_1|cos(¢9)|+%- (3-85)

From the inequality, when both sides are close to 1, the upper bound is tight for

small values of g.Also it has a peak at the nearest value of g when k'=k - K, - Due
to k’ moving away from k — K, » the upper bound decreases approximately with the
slope of %(k ~k'-k, - x, ) while |¢9| increases. Since N is quite large in the
practical OTFS system, the function decreases rapidly.

From the above analysis, we can consider only a small number 2N, +1, for some

—k' k
k-k' K, +&, j around the peak k-k, , ie.,

N.>0, of significant values of G'™
NT NT

[k -k, — NJ <k'< [k -k, + Ni] , where N. < N . By using this approximation and
substituting (3-73), (3-79), and (3-82) into (3-70), the received signal y_ [k,1] now

can be written as

P Tk, #N, ( o 12k, Kw) )
yDD[k,I]zz z he 127

i=1k'=[k—k, —N;Iy L Ne_j%(k_k"i_k’_’(w) _N J
X Xop I:k”[l_lri]M:|+WDD[k’l]' (3-86)

By substituting k’ = (k —k, + q) into equation (3-86), the expression form of the
approximated input-output relation in the DD domain for ideal pulses is finally obtained

by

PN ( o jzrta) g ) }
yDD [k,|]zz z L h-e_J ViT;

2m i
i=1 q=7Ni Ne_JW(_q_Kvi) _ N J
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X Xop | [k =k, +0a1,[1=1, Ty |+wop [K,1]- (3-87)
From equation (3-87), the approximated received y_ [k,|] can be seen as the

p
linear combination of S = Z 2N, +1 transmitted signals. Out of 2Ni + 1 transmitted
i=1

signals in the i" path, the signal corresponding to q = 0, Xop [[k —k, 1y [ —ITi]M]
contributes the most and all the other 2N, signals can be seen as interference, which
is called inter-Doppler interference (IDI). Further, the number of transmitted signals S
affecting the received signal y_ [k,I] in equation (3-87) is much smaller than MN in
equation (3-70).

The input-output relation in the DD domain for ideal pulses can be simplified for

some special cases. For the ideal channel, where we assume h(zr,v)=5(r)o(v), the

received signal can be written as
Yoo ki 11=Xpp [k, 1T+ W [k, 1] (3-88)
which is consistent with the transmitted signal and behaves like an AWGN channel.
For the case without fractional Doppler, where we assume x, =0,Vi, the received

signal in equation (3-84) can be obtained by replacing N, =0

yDD[k' |] — Zplhie—Jznviri XDD[[k — kVi ]N ,[| — ITi ]M ] + Wpp [k,'] (3-89)

i1
For each path, the transmitted signal is circularly shifted by the delay and Doppler
taps and scaled by the associated channel gain.
3.3.3 Input-Output Relation in DD Domain for Rectangular Pulses
In section 3.2.3, we show the TF domain input-output relation in equation (3-52).

To get the DD domain input-output relation for rectangular pulses, we do SFFT to (3-
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52), and hence obtain
Yoo [K.1]= Yo [K ]+ Voo [k 1]+ wWep [k 1] (3-90)

where

icl 1 MM fj2n[r;\l—k—mﬁ|] 391
yDD[kI] —Zz anm[nm]XTF[nm] > ( )

«/ NM n=0m=0\ m

NlMlMl ~jon( X
y::fé [k,|] —Z Z( [n_l’ml] Xe [n_l’m']j € "’ [N

M], (3-92)
«/ n=0m=0\ m’'=0

[k1]=——— % SW, [n.m] o)
W N =—= :
pP ~NM n=0m=0

3.3.3.1 ICI Analysis in DD Domain for Rectangular Pulses

(3-93)

For the ICI term y;[k,1] in (3-90), we do SFFT (3-33) to X, [n,m'] and

reorganize the terms, hence we obtain

1 N-1M-1
Yoo [ki1] =~ 2 3 Xop [k TR [K' 1] (3-94)

where
thl [k y ]_ NZlMZlelHnm[n m] —JZﬂn{k’—\‘k'jejZ”[mlgﬂm’rj. (3.95)

n=0m=0m'=0

By substituting (3-41) and (3-27) into (3-95), we obtain

thCII k', | zthCI v, )]:ICI (r,.v) (3-96)

i=1

where

G ( .)ZZG (3-97)
n=0
BT T Ky +1y m M- m’
F'Nv) = 1S ' em“z[ N ]’\“ejmpﬂ"'l)MM 1ej27z(p7|’)ﬁ (3-98)
M p=0 m=0 m'=0

-M fie M[kVi;KVi]5(|:p+lri_I:IM)é‘([p_l’]M)' (3-99)
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Hence, by substituting (3-96), (3-97), and (3-99) into (3-94), the ICI term

Yoo [k, 1] can be approximated as

b [ Mo (ki
y'c,cé[k,'h%;h{ 2 e i ]5([p+l,,—|]M)
(i) 1
X Z [2”—] Xbp |:|:k_kvi +q]N ' p} . (3-100)
e P e J

From (3-100), we can observe that it is non-zero only if the following condition is
satisfied
p=[l-I]1,and0<p<M-1-1 . (3-101)
Therefore, conditions (3-101) are satisfied only if | > 1 and p=1I- . F inally,
with the conditions on | and p, the following approximation can be obtained
Yoo [K.]

N

(o W, . jzﬁ[%lkw;m]
~ Z Z hi |:ﬁﬁ|(Q):|e Xop |:[k—kvi +q]N’[I_|ri]M:| ’IZITi (3_102)

i=1 qg=—N;

0 ,else ,

where we define

]

B.(q) = (3-103)

27
e—JW(—q—Kvi)

3.3.3.2 ISI Analysis in DD Domain for Rectangular Pulses

ICI
DD

For the ISI term y;3 [k,1] in equation (3-90), similarly to y

DD [k, |] ,we also do

SFFT (3-33) to X,.[n-1,m’] and reorganize the terms, hence we obtain

N-IM-L _jorK

1
Yoo [K.1]= WEO Te M CAUL CAHE (3-104)
where we define
. k—k' . ml-m'l’
WSR2 S S H, -1, m']e'z”"[ L o)

n=0m=0m’=0



RESEARCH ON PLS BASED ON OTFS MODULATION 64

By substituting the value of H_  [n-1,m'] from (3-41) and cross-ambiguity

function in (3-7), h. [k’,1'] can be written as

p
he (K] = 200 )7 (@) - (3-106)
i=0
where
N
gISI (Vi)=ze_J ”[ N ] ) (3-107)
n=1
B k. Ky m
e (ri,v)zﬁ "’il eijzr[pM Je—JZ””[ N ]Mlemn Pl —1+M ) N'Z:le—mr . (3-108)
p=M-I m=0

Due to equation (3-107), the summation n starts from 1 as the first symbol that

does not have any previous symbol to experience ISI. Therefore, by using the value

G (v)=G""(v,))-1, ysu[k,1] can be approximated as

P [ M1 jor PM ATt N
ygé[k,l]zﬁzhi{ S ]5([p+lf.-']M){q (£ (a)-1)

,j2ﬁ|:k7ki+q:|N N1 e ]—I
X e N Xob |:|:k _kv, +q]N ) p:| I; e NXDD [k,, p] ' (3-109)
k"= [k -k, +0],9 =[-N;, N;] J

By neglecting the signals x[k’, p] for k'= [k -k, +q]N .qe[-N;,N;], due to
their very small coefficients for practical values of N(e.g., N =64, 128 ), the

approximation of y 5 [k,I] in (3-109) can be simplified as

ylt?lla[kll]N%ZP: \‘ 21 ejzﬂ[

i=1 p=M -l

W j[kﬁ;’%]a([ p+1,-1],)

—
=~
|
=~
+
o
[R—
=
—1

X, [[k -k, +q] , pJJ (3-110)
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Therefore, the value of (3-110) is non-zero if the following conditions are satisfied

p=[-I]1,andM -1 <p<M-1. (3-111)
Therefore, conditions (3-108) are satisfied only if 1<l and p=I1-1_ +M .

Finally, with the conditions on | and p, the following approximation is obtained

Yoo [k 1]~

SR T el

zquzN h.m(ﬂ.(q)—l)Je xDD[[k k,+a] [1-1.] } 1<l 31
0 ,else,

where g, (q) has been declared in (3-100).

From (3-102) and (3-112), the overall expression of the DD domain input-output

relation for rectangular pulses is obtained by

Yoolk,1]=

iihejzn[m[k L”']ai(k,l,q)xw [k =k, +aly.[1=1, 1y [+ wop [k,1]> 3-113)

[%ﬁi(q) ,ITISI<M
o, (k,1,q) =J ek (3-114)

{%(ﬁi(q)—l)e_m vosl<l

The input-output relation in the DD domain for rectangular pulses can be simplified

for some special cases. For the ideal channel, where we assume h(z,v) = §(z)5(v) , the

received signal can be written as
yDD[k,I]:XDD[k,I]+WDD[k,I], (3-115)
which shows the same result as the condition of ideal pulses.

For the case without fractional Doppler, where we assume x, =0,Vi, the received

signal in equation (3-113) can be simplified to
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K,

yDD[k,I]zZP:hiem[Mri]Nai(k.|)X[[k—kvi]N,[l—Iri]M]+wDD[k,|]a (3-116)

where

1 |, <I<M
(3-117)

(k.1 = (k=K Iy
a,( 1) Meﬂ/{ N ] 0£|<|
N o

For the above special channel model cases, IDI does not appear.
Moreover, from (3-60), (3-60), and (3-62), the matrix form of the input-output

relation in the DD domain for rectangular pulses corresponding to the equation (3-113)

is obtained by substituting the transceiver matrices with identity matrices

Yoo = HopXop +Wpp » (3-118)
where
Wy, = (F, ®1,)w,, (3-119)
HEo =(F, ®1,)H- (F ®1,,)- (3-120)
3.4 Equalization

OTFS system channel equalization methods are mainly divided into linear
equalization and nonlinear equalization. The advantage of the linear equalization
algorithm is its low computational complexity. The linear equalization algorithm
mainly includes the ZF algorithm and MMSE algorithm, which we will introduce in
section 3.4. Moreover, we will prove the equivalence of the ZF algorithm between time
domain equalization and DD domain equalization for rectangular pulses, as well as the
MMSE algorithm, which will be verified by simulation in section 3.5.

3.4.1 ZF Equalization
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The purpose of the ZF algorithm is to minimize the ||y - |-|x||2 by forcing inter-

channel interference to be zero. Hence, we obtain the input-output relation of the ZF
equalizer in the time domain

=Gy, - (3-121)

T

where r’f and GI* denote the output and equalization matrix of the ZF equalizer in

the time domain, respectively. In the SISO communication system, the time domain
equalization matrix for the ZF algorithm is given by
GX =H;". (3-122)
Similarly, we obtain the input-output relation of the ZF equalizer in the DD domain
Yoo =GooY oo (3-123)
where yZ- and GZ7 are denoted as the output and equalization matrix of the ZF
equalizer in the DD domain. For rectangular pulses, the DD domain equalization matrix
for the ZF algorithm is given by
6% = (HE) 3124
In the following, we will prove the equivalence of the ZF algorithm between time
domain equalization and DD domain equalization for rectangular pulses by deriving (3-
123) from (3-121). By substituting the time domain input-output relation (3-24) into (3-
121), we obtain
r =G (H,s; +w;)- (3-125)
By substituting G = H;"' into (3-125), we obtain
rf =s +H'w, . (3-126)

Then, we multiply (F, ®1,,) on both sides of the equation (3-126), and hence
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get

(F, ®1,)r% =(F, ®1,,)(s, + Hw,)

(3-127)
=(F, ®1,,)s; +(F, ®1,,)H W, .
By substituting yZ2° = (F, ®1,,)r/" into (3-127), we obtain
yi =(F, ®1,,)s; +(F, ®1,, )H'w, - (3-128)
By substituting s = (F\' ®1,,)x,, into (3-128), we have
yE=(F, ®1,)(F" ®1,,)X, +(F, ®1,, ) H W, - (3-129)
Due to the property of Kronecker product (F, ®1, )(F,:I* ®l,,)=1,,>We obtain
Yoo =Xpo +(Fy ® 1, )H;'w, - (3-130)
By substituting W, = (F,L* 1, )W, into (3-130), we obtain
Yoo =Xop + (Fy ® 1, JHL (FY ®1,)w g (3-131)

H -1
=Xpp +[ (Fy @ L, )H; (R @1,) ] wpp

We observe that (Fy ®1,,)H, (Fﬁ ®1,,) in (3-131) is equal to the DD domain

effective channel matrix for rectangular pulses (3-120), hence we get

ZF _ recty-1
yDD _XDD +(HDD) WDD

_ -1
_(Hroeg) (HSSXDD +WDD) '

(3-132)

By substituting (3-118) into (3-132), we obtain the input-output relation of the ZF
equalizer in the DD domain
Yoo =(Hop) Yoo (3-133)

which is equivalent to (3-123) due to GZ- = (Hpy) - Hence, the equivalence of the

ZF algorithm between time domain equalization and DD domain equalization for
rectangular pulses is proved.
Though the ZF equalizer can eliminate the interference between the data streams

and the receivers, the effect of noise is amplified due to the non-orthogonality of the ZF
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equalization matrix GZF . Especially, when the data volume, as well as the scale of the

antenna array, is very large, the performance of the ZF equalization may significantly
degrade.

3.4.2 MMSE Equalization

The MMSE equalization algorithm is widely to mitigate the effect of channel
distortion in communication systems. Different from the ZF algorithm, the MMSE
algorithm addresses the issue of noise amplification, when the signal-to-noise ratio
(SNR) is low. The purpose of the MMSE algorithm is to suppress the impact of noise
by minimizing E{|| X —X ||2} . Due to the principle of orthogonality, the minimum
estimated value is obtained when E { y(x— )2)“} =0. The time domain equalization

matrix for the MMSE algorithm is given by
1
G — (H Y+ L1, HY (3-134)
P

where p denotes the average SNR. Hence, the time domain input-output relation for

the MMSE equalizer is obtained

ZF _ MMSE
rr =Gy

I, - (3-135)
Similarly, we have the DD domain input-output relation for the MMSE equalizer,
as shown in the following

yZDFD ZG'\DAgISEyDD > (3-136)

where

-1
GMMSE :|:HrDeI<;t(Hrect)H +l|MN} (Hrect)H X (3_137)
a

DD DD DD

Similar to the ZF equation algorithm, we will prove the equivalence of the ZF
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algorithm between time domain equalization and DD domain equalization for
rectangular pulses by deriving (3-135) from (3-136). Firstly, by substituting the time
domain input-output relation (3-24) into (3-135), we obtain
rr =G (Hos, +w,) - (3-138)
By multiplying (F, ®1,,) on both sides of the equation (3-138), we get
(Fe ® 1) =(F, ®1,,)GY™ (H;s; +w,)- (3-139)
Due to yZDTD =(F, ®]1,, )rTZF , we have
Yoo = (Fy ®1,)GY™F (H s +w,)- (3-140)
By substituting (3-134) into (3-140), we obtain

Yoo = (Fy ® IM){(HTHT” v L1, HY }(HTST W) (3-141)
Yo,

By substituting S, = (Fn': ® 1, )Xpp and W, = (FIL* 1, )W, into (3-141), we

can get
1 _
yéFD :(FN ®|M)(HTHTH +_IMN) 1H$HT(F:I ®IM)XDD
P . (3-142)
+(F, ®1,,)(H H! +;|MN)-1HT“(F§ 1, )W,y
Due to (Fr:' Rl )F, ®l,)=1,, and, we have
ZF |_ w1 -1y yH =H —l H
Yoo :L(FN ®IM)(HTHT +_IMN) HT (FN ®IM)J|:(FN ®IM)HT(FN ®IM)]
» (3-143)

xDD{(FN © 1, )(HHY +— 1) (] ®'M)}[<Fw ® T (1) JWoo.
P

We observe that (F, ®1,)H; (F,L* ®1,) and (F, ®1, )HTH (Fr:i ®l,,) in (3-
143) are equal to the DD domain effective channel matrix for rectangular pulses (3-120)

and its transpose, respectively. Hence we can get
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|_ 1 - —| rec
yéFD :L(FN ® IM)(HTH'll'-' +_IMN) lH:{ (Fl:l-l ® IM)JHDDtXDD
P (3-144)
r —| rect

1 .
+L(FN @1, )(H HY +=1,,) (F{ ®|M)J(HDD)HWDD.
Yo,
Then, by the property of the inverse matrix ( ABc;)‘l =C'B'A™*, equation (3-

144) can be written as

1
1 rect
yZD'E)=|:(FN®IM)(HTH'::‘+;IMN)H"I:|(FI:I_|®IM):| HDDtXDD

(3-145)

-1
1 - reci
+{(FN®IM)(HTH$+;IMN)1(FNH®IM)} (HDDt)HWDD.

Similarly to the operations in the ZF algorithm, (3-145) can be simplified as

-1
yéE{HSS(HSS)MiIMN} (HE) (HEpxop +Wpp) - (3-146)

DD “*DD

According to the matrix form of the DD domain input-output relation for

rectangular pulses (3-118), we obtain
Yoo {HSS(H';S)“ +§IMN T(HSS)“yDD- (3-147)
Due to the DD domain MMSE equalization matrix for rectangular pulses (3-137),
we find (3-147) equivalent to (3-136), which means we have proved the equivalence of
the ZF algorithm between time domain equalization and DD domain equalization for
rectangular pulses.
3.5 Simulation Results and Analysis
In this section, we build the OTFS system in MATLAB and conducted simulations

to study the bit error rate (BER) performance. The basic simulation parameters are

shown in Table- 1.
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Table- 1 Basic Simulation Parameters

Parameters Symbols | Value
Number of paths P 9
Number of carriers M 64
Symbol duration N 16

Carrier frequency f, 4 GHz

Carrier frequency spacing Af 15kHz

In the simulation, we use the LET-Extended Vehicular A (EVA) model as the
wireless channel, whose delay taps are [0, 30, 150, 310, 370, 710, 1090, 1730, 2510]ns
and power parameters are [0, -1.5, -1.4, -3.6, -0.6, -9.1, -7, -12, -16.9]dB, where the
Doppler shift is randomly generated from zero to the maximum Doppler shift. In the

following, we apply the ideal channel estimation and the MMSE equation at the receiver.

0

10

——#— OTFS-Ideal

1 | I I I I 1 1 1
0 2 4 6 8 10 12 14 16 18 20
SNR(dB)

Figure 14 BER performances between ideal pulses and rectangular pulses.
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Figure 15 BER performances of equalizations in the T and DD domain.

Figure 14 shows that the BER performance of the rectangular waveform can
approach that of the ideal waveform. Due to that the ideal waveform does not exist in
practice, we can use the rectangular waveform to simply the OTFS system. Hence, we
will use the rectangular pulse-shaping filter to generate the OTFS waveform in the
following simulation.

Figure 15 verifies that the performances of ZF equalization in the T domain and
the DD domain are exactly the same, as well as the MMSE equalization, which is

consistent with our corresponding derivation in section 3.4.

BER

= { = OFDM 500km/h
4| |= O —OFDM 700km/h
10 — O —OFDM 1000km/h

—{— OTFS 500km/h
—O— OTFS 700km/h
—{1— OTFS 1000km/h

10—5 1 I 1 1 I 1 I 1 1
0 2 4 6 8 10 12 14 16 18 20

SNR(dB)

Figure 16 BER performances of OTFS compared with OFDM at different speeds.



RESEARCH ON PLS BASED ON OTFS MODULATION 74

—O— 16QAM
—O— 64QAM

0 2 4 6 8 10 12 14 16 18 20
SNR(dB)

Figure 17 BER performances of OTFS with different orders of QAM.
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Figure 18 BER performances of ZF and MMSE equalization in the OTFS system.

Figure 16 compares the BER performances of the OTFS and OFDM at different
speeds. The results indicate that as the speed increases, the performance of OFDM is
significantly degraded, while OTFS exhibits superior performance. More specifically,
at high speeds the BER performances of OTFS become even better than those at low
low speeds and intend to converge to one curve, which indicates that OTFS exhibits
excellent resilience to high Doppler shifts.

Figure 17 shows the BER performance of OTFS at 500km/h will decrease when

the order of QAM modulation increases, which indicates that the OTFS system does
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not perform well under the condition of high-order IQ modulation.

Figure 18 demonstrates that the ZF equalization performance of OTES is severely
degraded with increasing speed, while the MMSE equalization does not, due to that the
OTFS system is sensitive to the noise and ZF equalization is tended to amplify the noise
in high SNR.

3.6 Summary of the Chapter

In this chapter, the principle and transmission scheme of the OTFS system are
declared. Then, the reduced CP is introduced, which shows a better performance and
increases the spectrum efficiency in the OTFS system, compared with the traditional
full CP. The input-output relations are derived under various conditions in the different
domains, as well as the effective matrix for different pulse-shaping filters. Moreover,
the effect of ZF equalization in the time domain is proved to be identical to that in the

DD domain, as well as the MMSE equalization, which has been verified by simulation.
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Chapter Four Physical Layer Security in OTFS System

In this chapter, Wyner’s wire-tap channel model is introduced. Then, linear
precoding methods, including ZF precoding, MMSE precoding, and SVD precoding
are also indicated. Finally, a secure transmission scheme is researched to realize the
PLS.

4.1 Wire-tap Channel Model

In recent years, physical layer security has become a research hotspot in the field
of wireless communication, with rapid development. Physical layer security technology
utilizes the diversity and time-varying nature of wireless channels, as well as the
uniqueness and reciprocity of channel characteristics between communication
terminals to implement secure transmission. It requires no key distribution but achieves
fast access and high-strength security performance.

In 1975, Wyner from Bell Laboratories proposed the wire-tap channel model as
shown in Figure 19. Wyner stated that achieving unconditional secure communication
is feasible only when the wire-tap channel is worse than the legitimate channel (i.e.
when the legitimate communicators possess an advantage in channel quality). This can
be achieved through secure coding. Wyner's model presented a two-step approach to
the realization of unconditional secrecy in communication systems. The first step
involves establishing a wire-tap channel model where the legitimate users possess better
channel conditions. The second step is to enhance the advantage of the legitimate

receiver by secure coding!¢%
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Figure 19 Wire-tap channel model.

4.2 Precoding Scheme

A precoding scheme refers to a technique used in communication systems to
improve the reliability and efficiency of data transmission. It involves applying specific
transformations or manipulations to the transmitted signal at the transmitter side before
it is transmitted over the communication channel.

The primary objective of a precoding scheme is to mitigate the effects of channel
impairments, such as noise, interference, and fading, and to enhance the quality of the
received signal at the receiver side. By employing precoding, the transmitter can shape
the transmitted signal to exploit the channel characteristics and maximize the received
signal quality.

There are various types of precoding schemes used in different communication
scenarios, including linear precoding, nonlinear precoding, and space-time precoding.
Linear precoding techniques include ZF precoding, MMSE precoding, and SVD
precoding, which aims to eliminate or reduce interference between users.

4.2.1 ZF Precoding

ZF precoding is one of the fundamental linear precoding techniques, whose
purpose is to transmit signals to the intended user while simultaneously eliminating

interference caused by other users. ZF precoding can be expressed as!®!]

Fe =BH" (HH™) ™, (4-1)
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where H is the Gram matrix. The gram matrix is also known as the inner product
matrix, which is composed of vectors in a vector space. The elements of this matrix are
obtained by calculating the inner products between the vectors, in which the off-
diagonal elements represent interdependence while the diagonal elements represent the
power difference.

In scenarios where no additive noise exists or when the additive noise is sufficiently
small, ZF precoding is considered the optimal precoding scheme. However, when
additive noise is present in the channel, ZF precoding has the drawback of amplifying
the noise, leading to a significant impact on communication performance. When there
are strong correlations between the channels, ZF precoding eliminates interference
between the channels at the expense of sacrificing channel capacity®?.

4.2.2 MMSE Precoding

MMSE precoding is a precoding matrix designed to optimize the minimum mean
square error of the desired data stream. The expression for MMSE precoding is given
as follows

Fuwse = VBH" (HH" +al) ", (4-2)
where « denotes the tuning parameter. When the signal-to-interference-plus-noise
ratio (SINR) is relatively high « approaches zero, MMSE precoding does not
consider the system noise but only suppresses interference between users, in which case
the performance of MMSE precoding converges to ZF precoding. When the system
noise is small, MMSE precoding mitigates the impact of noise on the communication

system by sacrificing a portion of the performance, thereby enhancing channel capacity.
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MMSE does not eliminate interference between users, however, it considers the
impact of noise on the system, which finds an optimal trade-off between noise gain and
residual interference. Therefore, MMSE precoding is more suitable than ZF precoding
for various complex system environments.

4.2.3 SVD Precoding

SVD decomposition can transform the channel matrix into a Diagonal matrix to
decomposite the channel into several mutually independent subchannels, which
transforms the actual channel as equivalent to parallel orthogonal channels. Selecting
subchannels with higher channel gains for signal transmission, not only reduces
interference between data streams but also maximizes channel capacity.

The precoding method based on SVD has been adopted by the IEEE 802.11n
wireless LAN standard®3l. SVD is a highly efficient method for handling matrix
operations. Its effectiveness stems from the fact that any channel matrix, whether square
or not, composed of either complex or real numbers, can be represented by SVDI®4

H=UAV": (4-3)
where A denotes a diagonal matrix which contains diagonal elements composed of
non-negative real numbers. |y and \/ denote the unitary matrix composed of
complex numbers, which satisfy

uu" =u"Uu=1- (4-4)
VYRR VLIVE (4-5)
The SVD decomposition is achieved through an iterative algorithm, where the

maximum off-diagonal elements are eliminated using delay and Jacobi rotations. The
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decomposition transfers the channel energy onto the main diagonal, and it can be proven
that this algorithm converges. However, due to the limited number of iterations and the
order of the matrix, the result obtained is an approximation.

Assuming the transmitter knows the channel matrix p , it can utilize the precoding
matrix to encode the transmitted information by x — \/5. Hence the received signal can
be represented by

y=UAV"Vs+n=UAs+n. (4-6)
Assuming the receiver also knows the channel matrix p, it can use the matrix
yH to decode the data at the receiver, and hence obtain

Uy =U"UAs+U"n, (4-7)
which can also be expressed as § = As+1 . This equation (4-7) implies that a system
with interference channels can be transformed into multiple parallel channels that are
mutually independent. The number of symbols that can be simultaneously transmitted
over these parallel channels is determined by the rank of the channel matrix. The

transmission quality of the channels is determined by the singular values.

Specifically, the channel matrix can be decomposed by | _jay" > hence the

SVD precoder can be designed as v/ = \/,,,P¥2, where P =(p,p,,...,p,) denotes

the power allocation matrix. Therefore, the receiver filter can be designed as | = Uy, -
Assuming that the receiver has known the channel matrix pH , it can process the
received signal using the matrix (yH to obtain the received signal as

Uy =U"HVs+U"n, (4-8)

y=U"HVs+U"n. (4-9)
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By selecting the singular vectors of the channel matrix as the precoders for the
system, the maximum rate can be achieved by

R =log, (| I+ERn‘1UHHV VETHPU . (4-10)

opt ¥ opt

From (4-10), it can be observed that when r=N,, V_, = VP2 denotes the

Optimal precoder.
4.3 SVD Secure Precoding in OTFS system
In the OTFS system, we intend to use the SVD precoding strategy to design a low-

detection waveform to realize PLS, which is shown in Figure 20.

Delay

d, —*| Orthogonal Orthogonal — > 3,
N Transform Doppler OTFS W OTFS || Transform ?:mgl? lap .

1 ) Matrix Modulator Demodulator Matrix "12‘11 = L

Gy =] Vg Ugr 2 AT

Figure 20 SVD secure precoding scheme in OTFS system.

At the transmitter, the source information of the OTFS system is a set of QAM
symbols. These symbols are transmitted in a block size MN, which is also called an
OTEFS frame, which is denoted as

d=[d,,d,,---d,,, ] € C"™. (4-11)

Then, the OTFS data block ¢ will be preceded by an orthogonal transformation
matrix V, =[V,,V,, -VMN_l]T e CMNXMN “ywhich is extracted from the effective channel
matrix of the legitimate link in the DD domain

HY =U_E.V,", (4-12)
where Herf denotes the effective channel matrix of the legitimate link in the DD

domain, the left singular vector matrix U, and the right singular vector matrix V'

are orthogonal matrices, and E is a diagonal matrix. The reason why we use the DD
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domain effective channel matrix to design the precoder is that the DD domain channel
is more stable and sparse, and hence can be estimated by the stranded channel
estimation!®], which also has been declared in section 2.3. Moreover, the reciprocal
property of the wireless channel is used in our precoding strategy, where the downlink
channel (the transmitter to the legitimate user) can be estimated from the uplink channel
(the legitimate user to the transmitter) in a TDD or hybrid system!(®6],

SVD precoding is implemented by a linear matrix multiplication operation between
the orthogonal transformation matrix V, and the OTFS symbol vector ¢, making
the OTFS symbol block rotate in the DD domain

x=V,de T, (4-13)

Then, the coded information x will go through the OTFS modulator and enter the
open environment of the wireless channel. This process has been declared in section
3.1. There are eavesdroppers receiving the information from the wireless channel, as
well as the legitimate user. From the matrix form of the input-output relation in the DD
domain for rectangular pulses (3-118), both the legitimate user and eavesdroppers first
process the data through the OTFS demodulator, and obtain the DD domain data by

Y = HI X+ W, (4-14)
ye = H x+w,, (4-15)
where y_, and y_ denotes demodulated signal at the legitimate user and the

eavesdroppers, respectively. From (3-119), w, and w_ denotes the noise vector

transformed into the DD domain.

At the legitimate receiver, the signal will be decoded by another orthogonal
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transformation matrix U g

Yo =UgVe

, (4-16)
=E, d+Ujw,

where we observe that the effect of V, in the effective channel matrix decomposition
is canceled by the precoding matrix V. Also, the effect of U, in the effective
channel matrix decomposition is canceled by the decoding matrix U7 . Hence, after
decoding at the legitimate user, the precoding only leaves an effect caused by E, .
Then, we apply a single-tap equalization designed by the diagonal matrix E_', through

which the legitimate user gets the equalized information symbols d,

dB = E;ya

: (4-17)
=d+E;'Ugw,

where the term E;U:WB is the effective noise term after decoding and equalization

at the legitimate receiver.

Whereas at the eavesdropper, we consider the worst case, where the eavesdropper
knows all the knowledge of the communication transmission scheme, including OTFS
modulation technology and even our SVD precoding strategy. Once the signal is
captured, it will be processed by OTFS demodulation and SVD decoding as

Ye =Ufy,

: (4-18)
=E.V."V,d+Ufw,

Then, by the single-tap equalization E_' at the eavesdropper, we obtain the
equalized signal
de = EElyE

, (4-19)
=V "V d+E U w,

where we can observe that the eavesdroppers can not recover the original data symbols,
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for the effect of precoding by V, can not be eliminated. Furthermore, even if they use
the matrix V_ to cancel the effect of VEH ,and get c

de =V, d,
=V,d+V.EUlw,

(4-20)
which is closer but still a degraded version of the original information . The term
V. E;U : W is the noise vector at the eavesdropper.

From (4-20), we know that the eavesdropper can only get the degraded version §_,
which is still far from the original information (, due to the difference between the
legitimate channel and the eavesdropping channel. Furthermore, due to their unique
physical positions, each channel in the physical channel is independent and distinct.

Therefore, by using our secure precoding strategy, only the legitimate user can
decode the information correctly while the eavesdropper cannot. Even though we
assume the eavesdropper is available to know all the knowledge of our transmission
scheme, which realizes the physical layer security.

4.4 Simulation Results and Analysis

In this section, we build an R-OTFS system in MATLAB for simulation. The
system parameters and channel model used are the same as those described in Chapter
3 for the OTFS system.

We first analyze the statistical characteristics of the received signal at the
eavesdroppers under 500km/h. Figure 21(a) shows that the envelope of the

eavesdropper's received signal amplitude approximately follows a Rayleigh

distribution with a variance of 0.9. Figure 21(b) indicates that the phases of the

eavesdropper's received signal follow a uniform distribution within the range [-7, 7].
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Figure 21 Statistics of R-OTFS signal’s amplitudes and phases.

Through the distribution of the amplitudes and phases at eavesdroppers in Figure
21, it can be observed that the information encoded by SVD secure precoding strategy
appears as noise to the eavesdroppers, thereby reducing the interception probability.

Next, we analyze the BER performance of the R-OTFS transmission scheme under
700km/h. From Figure 22, it can be observed that our R-OTFS single-tap equalization
scheme exhibits better BER performance than ZF at high speeds, although slightly
inferior to MMSE equalization. However, under low SNR conditions, our proposed R-
OTFS achieves BER performance much close to OTFS with MMSE equalization.
Furthermore, we observe when SNR in dB increases linearly, the BER curve of R-OTFS
exhibits an almost linear declining trend.

Moreover, to ensure that our proposed R-OTFS waveform generated by the SVD
secure precoding can retain its ability to resist the high Doppler effect similar to the
normal OTFS system, we show the BER performance of the R-OTFS system in Figure
23, which indicates that our R-OTFS waveform maintains a superior performance

barely not affected by the high speed.
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Figure 22 BER performances of R-OTFS compared with OTFS.
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Figure 23 BER performance of R-OTFS at different speeds.

Finally, we analyze the BER as well as the security performance of the received
signals for legitimate users and eavesdroppers. We classify eavesdroppers into three
distinct levels: Evel, who is aware of the OTFS modulation scheme but lacks
knowledge of the SVD secure precoding; Eve2, who possesses knowledge of the SVD
precoding scheme and attempts to decode the signals using the eavesdropping channel;
and Eve3, who is even more sophisticated, possessing knowledge of both the R-OTFS

modulation scheme and employing the precoding matrix V_ to mitigate the effects of

V' . Figure 24 demonstrates that in our R-OTFS secure transmission, all levels of
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eavesdroppers exhibit a steady BER of 0.5, rendering them unable to accurately decode
the information even when equipped with comprehensive prior knowledge. However,

only the legitimate user can correctly decode the information without being affected by

precoding rotation or high Doppler.

Additionally, we provide the constellation diagrams of the legitimate user and
eavesdroppers as shown in Figure 25. It can be inferred that the constellation diagrams
for all levels of eavesdroppers approximately obey the Gaussian distributions,

indicating that even the most sophisticated eavesdropper can only obtain the degraded

version of the information.
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Figure 24 BER performances of R-OTFS between Bob and Eves.
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Figure 25 Constellations of Bob and Eves.

4.5 Summary of the Chapter

In this chapter, the wire-tap model in the physical layer security is indicated. Then,
three commonly used linear precoding methods are introduced, which are ZF precoding,
MMSE precoding, and SVD precoding. Finally, an SVD secure precoding strategy is
researched to generate the R-OTFS waveform, which rotates the information symbols
and distorts the constellation at the eavesdropper. Even if the eavesdroppers are
assumed to know everything about the R-OTFS transmission scheme, still they cannot
recover the original information but a degraded version, which realizes the physical

layer security in high-mobility communication scenarios.
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Chapter Five Summary and Prospect
5.1 Summary

This thesis studies the physical layer security based on the OTFS system. Firstly,
the transmission characteristics and representations of the wireless channel are studied,
then the physical discrete-path model is built. Secondly, the principle and the
transmission scheme of the orthogonal time frequency space modulation are also
introduced. Subsequently, the input-output relations in different domains are analyzed
based on various types of interference in the received signal. Finally, from the
perspective of physical layer security, a secure precoding strategy is researched to
generate a low-interception waveform in the OTFS system. The main contents and
achievements of this thesis are summarized as follows:

1) The OTFS system is introduced, which exhibits superior performance compared
to traditional OFDM technology, especially in high-speed scenarios where subcarriers
are severely degraded. The simulation results show that the OTFS system demonstrates
excellent performance and robustness in high-mobility 6G wireless communication
scenarios, particularly in terms of high Doppler tolerance.

2) The input-output relationships of OTFS are derived in various conditions and
forms, based on which the inter-carrier interference, inter-symbol interference, and
inter-delay interference are analyzed. Subsequently, the equivalent matrix expressions
for different domains are derived, considering the use of arbitrary pulse shaping and
practical rectangular pulse shaping. Moreover, the effect of ZF equalization in the time

domain is proved to be identical to that in the DD domain, as well as the MMSE
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equalization, which has been verified by our simulation results.

3) A secure precoding strategy is studied based on the OTFS system. Leveraging
the unique characteristics of the physical channel, an SVD precoding technique is
applied to rotate the information symbols in the DD domain based on the channel. The
R-OTFS waveform only enables the legitimate user to decode correctly, while
introducing rotational distortion in the constellation diagram received by eavesdroppers.
Even if eavesdroppers have knowledge of the transmission mechanism and SVD
precoding, they can only obtain degraded information, thus achieving physical layer
security.

5.2 Prospect

In this thesis, the principle of OTFS are studied and the input-output relationships
are derived in various conditions. Based on the OTFS system, an SVD-based secure
precoding strategy is applied to achieve physical layer security. However, there are still
limitations in the work conducted, and improvements should be made in future research:

1) In this thesis, the OTFS secure precoding system is assumed using the ideal
channel estimation in a TDD system. However, in practical high-speed scenarios,
channel estimation may not achieve ideal performance. In future research, further
investigation will be conducted on channel estimation techniques for OTFS in high-
mobility scenarios.

2) The present thesis focuses on the SISO-OTFS system, but SVD precoding is a
commonly used precoding method in large-scale MIMO systems. Therefore,

considering the potential of this secure precoding technique in MIMO scenarios, the
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transmission security in multi-user scenarios by applying the massive MIMO

technology should be focused in future research.
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Appendix A
The proof of the input-output relation in the TF domain in matrix form is given as
follows

Yo =Vvec(Yqe)
=vec(F,G,R;)
=(I, ®F,G,)vec(R;)
=1, ®F,G ),
=y ®F, G )(Hs; +w;)
=1, ®F,G, )H;s, +(1, ®F,G,)w;
=1, ®F,G,)H, vec(S;)+ (I, ®F,, G, )w,
=1, ®F,G,)H,vec(G F X )+ (I, ®F,G,)w;
=1, ®F,G )H, (I, ®G, F/vec(X;)+ (1, ®F,G, )w;
=1, ®F,G, )H, (1, ®G, F )X +(I, ®F,G,)w,

= HTFXTF + W
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Appendix B
The proof of the input-output relation in the DD domain in matrix form is given as

follows

Y,, =F Y;.Fy =F, (F,G,R;)F, =G R F,
Yoo = Vec(Ypp)
=vec(G,R;Fy)
=(F, ® G, )vec(R;)
=(F, ®G,)r;
=(Fy ®G)(H;s; +wy)
=(F, ® G, )H,vec(S;) +(F, ® G, )w;
=(F, ® G )H,vec(G X, Fi)+(F, ® G )w,
=(F, ®G,)H; (F\ ®G,)vec(Xy,)+(Fy ®G,,)w,
=(F, ®G, )H, (F\ ®G, )Xy +(F, ®G, )W,

= HDDXDD +Wpp -
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